Abstract -The Higgs mechanism at the graviton level formulated as a Vainshtein mechanism in time domains implies that the extra-degrees of freedom become relevant depending on the direction of time (frame of reference) with respect to the preferred time direction (preferred frame) defined by the Stückelberg function T0(r, t) which contains the information of the extra-degrees of freedom of the theory. In this manuscript, I make the general definition of the Higgs mechanism by analyzing the gauge symmetries of the action and the general form of the vacuum solutions for the graviton field. In general, the symmetry generators depending explicitly on the Stückelberg fields are broken at the vacuum level. These broken generators, define the number of Nambu-Goldstone bosons which will be eating up by the dynamical metric in order to become massive.
Introduction. -If the Einstein-Hilbert action is modified in order to reproduce the accelerated expansion of the universe, in some scenarios, the solar system predictions of General Relativity (GR) are lost due to the additional forces coming from the extra-degrees of freedom of the theory [1] . This is the case for example of massive gravity, where GR cannot be recovered at solar system scales if the theory under consideration is the linear Fierz-Pauli one [2] . As a consequence of this, some modified gravity theories require the introduction of screening mechanism in order to agree with the solar system observations and other predictions coming from GR [3, 4] . The most popular screening mechanism is the Vainshtein one, appearing not only inside the non-linear formulation of massive gravity, but also inside most of the scalar-tensor formulations, in particular, inside the Hordenski theory [5] . The Vainshtein mechanism in spatial domains is fundamental for the recovery of the solar system predictions in theories where the Einstein-Hilbert action is modified. The Higgs mechanism at the graviton level has been formulated in [6] as a Vainshtein mechanism in time domains. This means that the extra-degrees of freedom reproduce the effect of a preferred time direction, analogous to what happens with the spontaneous magnetization in ferromagnetism. Since the extra-degrees of freedom become relevant after the Vainshtein radius (r V ) defined in spatialdomains, then it is natural to think of this scale as a phase transition point. However, the formulation of the Higgs mechanism in massive gravity does not require the appearance of a Vainshtein scale in spatial domains. The (Vainshtein) scale will rather appear in time domains in the sense that the relevance of the extra-degrees of freedom will depend on the relative orientation between the ordinary time coordinate defined by observers and the preferred time direction defined by the Stückelberg function T 0 (r, t). This function contains the information of the extra-degrees of freedom of the theory and it defines a preferred frame of reference. If we examine the diffeomorphism transformations of the action, we can realize that the vacuum is not invariant under the transformations depending explicitly on the Stückelberg fields (function). The vacuum solutions, defined as an extremal condition of the massive action if we take the variation with respect to the graviton field, depend explicitly on the total differential of the Stückelberg function dT 0 (r, t). Then any generator involving explicitly the Stückelberg fields, is broken at the vacuum level. Then the vacuum is degenerate and false. In order to get the physical vacuum and then obtain the physical perturbations, it is necessary to shift the perturbations in agreement with the false vacuum. If we p-1 rewrite the action in terms of the physical perturbations, the Stückelberg functions will appear inside the Christoffel connections, making them equivalent to gauge fields even in the absence of gravity (free-falling frame). In addition, the relative position between the false and physical vacuums, depends explicitly of the Stückelberg functions. This means that the Higgs mechanism in massive gravity is in essence non-linear. If the extra-degrees of freedom are absent, then the effect of the Stückelberg functions disappears and the false and physical vacuum become the same. In addition, the gauge-portion of the Christoffel connections vanishes. Then the graviton field is in essence massless. An equivalent scenario is given when the direction of time (local frame of reference), selected by the observers is coincident with the direction of the preferred notion of time defined by T 0 (r, t). In such a case, the same situation arises and the metric for this particular observers (preferred observers) is massless. This is the notion of Vainshtein mechanism in time domains formulated originally by the author in [6] .
The Vainshtein scale as a function of the Stückelberg functions. -In [?], the Vainshtein scale has been derived as an extremal condition for the massive action at the background level. The Vainshtein scale then marks the distance where the standard gravitational effects are equally important to the effects coming from the extra-degrees of freedom. In general, the scale is time dependent, however, for stationary solutions it is fixed in space. The action in massive gravity theories is defined in general as
The form of this action is independent of the type of massive gravity theory under consideration. Then issues like ghosts or other pathologies will not be considered relevant for the purposes of this paper. In other words, the methods developed in this manuscript should be considered as general and independent of the theory under consideration. If we ignore the usual Einstein-Hilbert action in (1) , then what remains is the potential (massive action) given by
Since the graviton mass parameter is a global factor, at the moment of calculating the vacuum conditions, it will be irrelevant. We can define the Vainshtein scale as the algebraic solution of the condition
This condition, in unitary gauge is simplified to
where we identify G as the dynamical metric in unitary gauge. Since we introduce all the degrees of freedom inside the objects G, then the previous result defines the location of the Vainshtein scale. If the matrix
determines the position of the Vainshtein scale which in general is spatial and time dependent. In other words, it can evolve in time.
Why is the Schwarzschild-de Sitter (S-dS) solution in de Rahm-Gabadadze-Tolley (dRGT) massive gravity with one free-parameter so important?. -In the formulation of the Higgs mechanism at the graviton level in [6] , the author took the S-dS solution with one free-parameter as the most relevant one. The reason for this, is the fact that this solution has an enhance symmetry which makes the Stückelberg function arbitrary. This result was discovered for first time in [8] and extended in [9] , where it was understood that this arbitrariness is in fact an enhanced symmetry for this solution. The enhanced symmetry guarantees that both, the dynamical and the fiducial metric can be transformed independently. Although this fact is not essential in the formulation of the Higgs mechanism at the graviton level, if we switch-off gravity (free-falling frame) in order to simplify the analysis, the arbitrariness of the Stückelberg function T 0 (r, t) is essential for it to appear in the perturbative vacuum solutions as has been demonstrated in [6] . In dRGT massive gravity, at the background level, the massive action in this case is given by
Note that the Stückelberg function (T 0 (r, t)) does not appear at the background level for the massive action. Then the arbitrariness of T 0 (r, t) does not affect the equations of motion at the background level. In other words, we have a multiplicity of vacuum solutions, all of them defining the same equations of motion for test particles moving around [10, 11] . As soon as the perturbations are included, then the functions T 0 (r, t) will appear. In such a case, they will affect the behavior of the effective masses defined for the different modes. The masses for the different modes can be found by calculating the second derivatives of the effective potential and evaluating the results at the vacuum level. In the present context, vacuum means the equations of motion of the graviton field (Euler-Lagrange), but ignoring the kinetic terms. If the action is expanded up to quadratic order, then the second derivatives will be independent of the vacuum state. The mass matrix for the different modes is defined as
∂h µν ∂h αβ ,
p-2
The graviton Higgs mechanism and the vacuum state for the graviton field is defined in agreement with
In general, the components m µν and the covariant counterparts m µν , will depend on the derivatives of T 0 (r, t). Note that the vacuum condition (8) looks similar to the Vainshtein scale condition defined in eq. (3). The difference is that the derivatives in eq. (8) are taken explicitly with respect to the graviton field. Then it is necessary to expand the action at the perturbative level. On the other hand, the derivatives in eq. (4) are evaluated with respect to the full dynamical metric and by using the chain rule, the dependence is translated to the coordinates. The perturbations are done around the background metric defined in agreement with
with the Stückelberg function T 0 (r, t) being in principle arbitrary. For the purposes of the present manuscript, the functions T 0 (r, t) are considered infinitesimally close to the ordinary time coordinate, such that the portion of the total variations dT 0 (r, t), depending on the extra-degrees of freedom are considered infinitesimal.
The gauge symmetries of the action. -The action (1) in massive gravity is invariant under the following set of transformations
(10) Here the Stückelberg function Y µ (x), is defined in agreement with
In addition, note that the metric G µν is defined in agreement with
and it is a diffeomorphismn invariant object if we take into account the set of transformations given in eq. (10) [12] . Note that the diffeomorphism invariance of the metric (12) is necessary in order to guarantee the invariance of the massive action, defined in eq. (2), under the same set of transformations. This is the case since in the standard formulation of massive gravity, the massive action depends explicitly on the root square of the partial contractions between the dynamical metric and the fiducial one. In order to be more explicit, we can assume a general dependence for the massive action as follows
with F representing a function depending explicitly of the partial contractions between the dynamical and the fiducial metric. The fiducial metric is in general represented by four scalars φ a defined in agreement with
The scalars φ a are called Stückelberg fields. If all the degrees of freedom of the theory are translated to the dynamical metric, then the fiducial one is of Minkowski type and the scalars become trivial coordinates φ a = x a without degrees of freedom. In such a case, the function (13) becomes
where the metric G defined in agreement with eq. (12) now appears and η νγ is just the Minkowskian metric. Note that in eq. (14), η ab is defined in agreement with Minkowski. From the result (15), is evident that the diffeomorphism invariance of the massive action V (g, φ) is only possible if the combination g µν f νγ is diffeomorphism invariant, or equivalently, if G µν is also invariant under gauge transformations. In fact, it is a trivial task to prove that the metric G, defined in agreement with eq. (12), is invariant under the transformations (10) [12] . We can define
where A α is assumed to be infinitesimally close to zero. In addition
with φ defining the scalar component of the Stückelberg fields. From the results (11), it is clear that we have
Or equivalently
However, under the re-definitions (17), the result (19) should be written as
Note that the metric G µν also contains the Stückelberg fields. Here I will consider these fields perturbatively and then orders higher than two in the Stückelberg field expansions are considered negligible. As a consequence of the previous definitions, the diffeomorphism transformations of the theory assuming a flat background metric are defined in agreement with
Note that if we take the background metric to be flat, then the Stückelberg functions appearing on it, are equivalent to perturbations around the background and they will be related to the fields appearing in eq. (21). In that sense, eq. (19) for example, will include the back-reaction of the Stückelberg fields for the definitions of A µ . The symmetries involved are gauge symmetries and as a consequence, the function Λ depends on space-time coordinates. Note that the previous transformations are taken by assuming a flat background metric. The extensions for more general situations is straightforward. What is important for the moment, is to notice that the transformations for the scalar component are of the type U (1). This is important because the scalar component is the one involved in the van Dam-Veltman-Zakharov (vDVZ) discontinuity [1] .
The symmetries broken at the vacuum level. -The vacuum conditions are given by the result (8) . In general, if the action is expanded up to second order in perturbations, then the vacuum will depend on the total derivative of the Stückelberg functions. Then in such a case, we will have results of the form
where α, β and T 0 (r, t) represent the two free-parameters of the massive action V (g, φ) and the Stückelberg function. Independently of the relation between the parameters α and β, the explicit dependence of the vacuum results with respect to the Stückelberg function implies that the vacuum symmetry is broken with respect to the transformations depending explicitly on T 0 (r, t). Given the relations (11), (16), (19) and (20), this is equivalent to say that the vacuum symmetry is broken with respect to the transformations involving A µ and φ. Then even if the action is still invariant under the full set of diffeomorphism transformations defined in eq. (21), the vacuum defined in agreement with eq. (22) is not invariant under the full set of transformations. The function T 0 (r, t) represents the preferred time direction of the theory when the extradegrees of freedom become relevant. Then it is clear that the broken generators, are related to the appearance of the extra-degrees of freedom. In this sense, saying that the vacuum symmetries are broken for the gauge transformations involving the fields A µ and φ, is equivalent to say that the symmetries under time translations are broken. That this is the case can be perceived from the fact that the set of transformations involving A µ and φ are derived from the general set [12] 
which is the infinitesimal version of the transformations given in eq. (10). If we take into account the results given in eq. (11) for the spherically symmetric solutions derived in [8] , then it is possible to observe that under gauge transformations, the radial component of Y α transforms trivially as δ g Y r = −ζ r (x) = −δr. However, the zerocomponent has a non-trivial transformation if we compare it with the standard transformation for the ordinary time coordinate given by δ g t = ζ t (x). Then a symmetry under the ordinary time transformation is not necessarily a symmetry with respect to the time defined in agreement with the Stückelberg function and vicerversa. For this reason, in [6] , the author considered that the broken generators are related to the time coordinate.
The Higgs mechanism at the graviton level. -If we expand the action (1) up to second order, the vacuum will be defined in agreement with eq. (22) after solving the result (8) . The vacuum represented by this solution is false. If we want to obtain the physical vacuum, then it is necessary to shift the perturbations in agreement with the result (22). The method is standard and it was developed in [6] . Here I show the general result to be
such that the physical vacuum is defined in agreement with the conditionh
If we rewrite the action (1) in a free-falling frame in terms of the physical perturbationsh µν , then we obtain the result [6] 
where the Γ-matrices are the portion of the Christoffel connections depending explicitly on the Stückelberg functions. This portion means that the graviton field has become massive. The term K(dT 0 (r, t)) corresponds to the portions of the first-order Ricci scalar R (1) that appear after shifting the perturbations in agreement with eq. (24). They represent the Kinetic terms of the gauge fields Γ. In [6] , the author did not write explicitly the term K(dT 0 (r, t)) but it was considered to be included inside the standard Kinetic part £ EH . Here v is a parameter defined in [6] and depending on the determinant of the vacuum matrix defined in eq. (22). From the result (26), it is clear that the potentialV (g, φ) is modified in agreement with the vacuum shift defined in eq. (24). The shift is such that the new vacuum condition, given by
has as a unique solution the resulth µν = 0. Note that by taking the variations in eqns. (8) and (27), the Stückelberg functions T 0 (r, t) are kept fixed. However, they will backreact to the final solutions of the perturbations. Keeping fixed the functions T 0 (r, t) when we vary the field equations with respect to the field h µν , is a necessary condition in order to satisfy the trivial solution at the vacuum level. Note that the kinetic terms K(dT 0 (r, t)) in eq. (26), will contain derivatives of order higher than two in a freefalling frame of reference. This interesting scenario will be discussed further in a coming manuscript.
conclusions. -In this manuscript, I made a formal definition of the Higgs mechanism at the graviton level. The mechanism appears as a Vainshtein mechanism in time domains. The analysis has been based on the gaugesymmetries of the action. The proposed method is general in the sense that it focus on the symmetry aspects of the theory. Then it is valid for any formulation of massive gravity or any other theory including non-derivative terms (in the sense of the metric) interactions in the action in addition to the standard Einstein-Hilbert term. In order to extend to the cases where derivative-term interactions (in the sense of the metric) in the action appear as in the case explored in [13, 14] , some variations are necessary but the same philosophy would remain. From the previous analysis, it is observed that the symmetries involving explicit dependence on the Stückelberg fields are broken at the vacuum level. They are related to the symmetries in the direction of the Stückelberg function T 0 (r, t). This function represents the preferred time direction of the theory when the extra-degrees of freedom are relevant. When the extra-degrees of freedom are absent, then this functions becomes trivially equivalent to the ordinary time coordinate. Equivalently, an observer defining the time coordinate in agreement with T 0 (r, t), will not be able to perceive the effects of the extra-degrees of freedom, because in such a case the gauge transformations with respect to the ordinary time coordinate and those related to the Stückelberg function direction will be equivalent. This is the notion of Vainshtein mechanism in time domains. Finally, it is important to notice the appearance of higher derivative terms for the scalar components when the vacuum is re-defined. This important issue, will be explored in a coming manuscript.
